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ABSTRACT: As an alternative to the standard Dirichlet counterterms prescription, I in-
troduce the concept of Kounterterms as the boundary terms with explicit dependence on
the extrinsic curvature Kj;; that regularize the AdS gravity action. A suitable choice of
the boundary conditions — compatible with any asymptotically AdS (AAdS) spacetime —
ensures a finite action principle for all odd dimensions. Background-independent conserved
quantities are obtained as Noether charges associated to asymptotic symmetries and their
general expression appears naturally split in two parts. The first one gives the correct
mass and angular momentum for AAdS black holes and vanishes identically for globally
AdS spacetimes. Thus, the second part is a covariant formula for the vacuum energy
in AAdS spacetimes and reproduces the results obtained by the Dirichlet counterterms
method in a number of cases. It is also shown that this Kounterterms series regularizes the
Fuclidean action and recovers the correct black hole thermodynamics in odd dimensions.
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1. Introduction

In the context of AdS/CFT correspondence [, Witten sketched the program to regular-

ize the action for AdS spacetimes [[], which was carried out in detail by Hennigson and
Skenderis in ref. [f].

This procedure, known as holographic renormalization, considers a generic form of the

metric for an asymptotically AdS (AAdS) spacetime

2 i o
ds? = g,ul/dxudxy = de2 + Mdl‘ldl‘]
P

(1.1)



where p is the radial coordinate of a manifold M, whose boundary is located at p = 0, and
¢ is the AdS radius. This coordinates choice is suitable to describe the conformal structure
of the boundary, whose metric g;; (p, z) accepts a regular expansion 4]

95 (0, 2) = g0yij () + pg1yij (2) + P g@yij (x) + - . (1.2)

where g(g);; is a given initial value for the metric.

Solving the Einstein equations in this frame reconstructs the spacetime from the bound-
ary data, determining the coefficients g as covariant functionals in the boundary metric
g(0) (that contain k derivatives of z*). Then, in order to preserve general covariance at the
boundary, it is necessary to invert the series to express all the quantities as functions of
the boundary metric h;; = gi;/p [

In this way, the counterterms method proposes a regularization scheme that consists
in the addition to the Dirichlet action of local functionals of the boundary metric h;j, the
intrinsic curvature Rfjl of the boundary and covariant derivatives of the boundary Riemann
Vmef . In D = d + 1 dimensions the regularized action reads

1 - 1
I=— 42/ =G (R - 2A> —— | aavV=hK + / dzBu(h, R, VR).
167G M 8tG OM OM
(1.3)
In the above action, hatted curvatures refer to (d + 1)—dimensional ones, the cos-
mological constant is A = —d(d — 1)/2¢*> and K = K;;h¥ is the trace of the extrinsic
curvature.

The Gibbons-Hawking term ensures a well-posed variational principle for a Dirichlet
boundary condition on the metric h;; [, that is still valid in presence of the Dirichlet
counterterms series because its functional variation is expressed as B¢ = (0Bt /0hij)dhj.

As a consequence, a regularized stress tensor for AdS spacetimes is obtained [ff,
using the Brown-York quasilocal energy-momentum tensor definition [{], without reference
to any background solution.

A novel feature of this approach is the appearance — in D = 2n + 1 dimensions — of
a vacuum energy for AdS spacetime, that is clearly unobservable in background-dependent
methods. In five dimensions, the matching between this vacuum energy and the Casimir
energy induced by a precise boundary CFT (N = 4 SYM theory with gauge group SU(N))
is one of the best known examples of the AdS/CFT correspondence [f.

Despite the fact this regularization procedure provides a systematic way to construct
the Dirichlet counterterms series, in practice, the number of possible counterterms increase
drastically with the dimension. Even for a given dimension, the finiteness of the conserved
charges for a more complex solution would require a significant addition of counterterms
respect to the same problem, for instance, in Schwarzschild-AdS black hole. Moreover,
these extra terms do not seem to obey any particular pattern [10].

In recent papers [L1, [[2], the problem of Dirichlet counterterms in AdS gravity has
been reformulated as an initial-value problem for the extrinsic curvature. This results in
a simpler algorithm to obtain the series B.; but, however, the full series for an arbitrary
dimension is still unknown.



Furthermore, in the counterterms method is not clear where the vacuum energy is
coming from, i.e., which boundary terms are responsible for the shifting of the zero-point
energy of AdS or whether it can be obtained from a general covariant formula for any
AAdS spacetime.

Therefore, a natural question arises: Is there another counterterms series that also
regularizes the Einstein-Hilbert action with negative cosmological constant, and whose
expression can be worked out in any dimension?

Certainly the answer to that problem implies the departure from an standard action
principle based on a Dirichlet boundary condition on the metric h;;.

Such construction may at first sound too ambitious. However, we have evidence com-
ing from even-dimensional AdS gravity, where considering a boundary condition for the
spacetime curvature

Auv L ]
RS+ 6_25[6431 =0 (1.4)

on M has been a good alternative to produce a finite action principle [i3, [[4]. In that
case, the gravity action is supplemented by the Euler term &, with a coupling constant
fixed demanding this generic asymptotic condition.

In D = 2n dimensions, the Euler theorem states that the Euler term &, is equivalent
to the boundary term Bg,_1 (the n—th Chern form) up to the Euler characteristic xan,
a topological number for the manifold M. From a dynamic point of view, x2, is just an
integration constant and then, the formula for the conserved charges is the same if we
supplement the Einstein-Hilbert-AdS action either with the boundary term By, 1 or the
Euler (bulk) term &, [[[J]. In that sense, the regularizing effect of the Dirichlet counterterm
series can be replaced by the Euler term in even dimensions. The clear advantage of this
procedure is that we do not need to perform any particular expansion of the metric, nor
solving the asymptotic equations in that frame to find the coeflicients g(x)i; = g(x)i; (g(o)),
nor inverting the series to express all the quantities as covariant functionals of the boundary
metric h;;. This procedure contrasts with the simplicity of fixing a single global factor in
Eon, given by the asymptotic condition ([[.4). In other words, considering the Euler term as
a single entity, its coupling constant comes from fixing the leading order in the curvature,
because in the expansion ([.T]), ([.2), the asymptotic Riemann reads

R(G) = O(p%), (1.5)

A 1

RI?(G) = —6—255“ +0(p%), (1.6)

PGy — Lk RH L sk i ksl O( 2 17
ij(9) = — 2% TP i (9(0)) + ) ( 1905 T 9 j}) +0(p%), (1.7)

where gfl)j = gfé)g(l)lj.

In sum, what is remarkable in this approach is the fact that we have a closed expression
for the boundary term Bs, 1 in all even dimensions and also, a deep connection between
the regularizing boundary terms and topological invariants.

The same approach cannot be applied to odd-dimensional AdS gravity, because there
are no topological invariants of the Euler class in D = 2n + 1, what makes gravity in even



and odd dimensions quite different. This is not so surprising, because also in standard
holographic renormalization there appear technical differences respect the even-dimensional
case: the expansion ([.4) requires a logp term at order p" to be consistent with the
equations of motion, the existence of Weyl anomaly, the appearance of a vacuum energy
for AdS space, etc.

Following a different strategy, a mechanism to regularize the AdS gravity action in odd
dimensions was proposed in [[[d]. A boundary condition for the extrinsic curvature Kf in
AAdS spaces is the key assumption that leads to a well-posed action principle for a given
boundary term Bs,. This asymptotic condition was motivated by a similar construction
in Chern-Simons-AdS gravity [L7].

Indeed, in the three-dimensional case, where Einstein-Hilbert-AdS gravity action is
a Chern-Simons form for the group SO(2,2), this prescription regularizes the Euclidean
action and the Noether charges with a single boundary term that is one half the Gibbons-
Hawking term. It can be proved that a suitable expansion reduces the problem to the
Dirichlet formulation plus a topological invariant of the boundary metric [[[§.

At this point, as an alternative to the standard counterterms approach, we introduce
the concept of Kounterterms as the boundary terms that regularize the AdS gravity action,
that posses explicit dependence on the extrinsic curvature K;; and whose construction is
based on boundary conditions compatible with the Fefferman-Graham form of the met-
ric (L.9).

In this article, we show the general tensorial form the Kounterterms adopt in the

odd-dimensional case.

2. Kounterterms

We consider the Einstein-Hilbert action with negative cosmological constant, with the

addition of a boundary term By
1 .
I=— AT/~ —2A / d*zB 2.1
167TG/M * g<R >+Cd oy (2.1)

instead of the standard Gibbons-Hawking term plus the counterterms series. Here, ¢4 is a

coupling constant that will be determined by an appropriate variational principle.
We consider a radial foliation for the spacetime (Gaussian normal coordinates)

ds® = N?(p)dp? + hij (p,x) da'dx?, (2.2)

but we do not assume any particular expansion of the boundary metric as in eq. ([L.1), (L.9).
In this frame, the expression for the extrinsic curvature adopts a simple form

1
2.1 Kounterterms and the Euler theorem

The Kounterterms series differs from the one obtained from the Dirichlet regularization,

even in a simple case as it is D = 4, where it is given by the boundary term [Lf]

By =2 /_hé[i}izi?,] Kh (Rj2j3(h) _ ng2Kj3>’ (2.4)

[F1j243] " 41 i213 g iz i3



with a coupling constant c3 = ¢?/(647G). In the above formula, R%(h) stands for the
intrinsic curvature of the boundary metric.
It is clear from the expanded form

2 .. P | 1 .
By = 4v/~h |- KGK[Kf + K<K;.Kg - §K2> - 2(3;. - 55;}2) Kg] ,  (25)

that B3 does not contain any term proportional to v/—hK (Gibbons-Hawking term), mak-
ing evident that it is not derived from a Dirichlet action principle. Notice that the dimen-
sional continuation of (R.5) is required to define the Dirichlet problem for Einstein-Gauss-
Bonnet gravity in D > 5, because it is the generalization of the Gibbons-Hawking term for
the quadratic terms in the curvature in the Gauss-Bonnet density [[d, B(].

The expression (2.4) possesses the additional Lorentz symmetry in the tangent space
that becomes manifest when it is expressed in terms of the second fundamental form (SFF')

gAB AB -AB (2.6)

defined as the difference between the dynamic spin connection w4? = wl’:‘Bdac“ and a
reference one w45,

The indices of the tangent space run in the set A, B = {0,1,..,D — 1}. In the metric
formulation of gravity, the spin connection is determined in terms of the vielbein e =
ef}dx“ Guw = nABe;‘ef) as

w;‘B = PV el (2.7)

For the radial foliation (R.9), the natural splitting for the orthonormal basis is

el = Ndp, (2.8)
e = eldx’, (2.9)
b

where the indices set A = {1,a} and the boundary metric is h;; = Nab€5 €]
An adequate choice of the reference connection @42, as obtained from a cobordant
product metric

ds? = N?(p)dp? + h;;(v)dz"dx? (2.10)

that matches the dynamic one only on the boundary p = po, (hij(x) = hij(po,x)) leads to
a SFF on the boundary as [R1-P3, [Ld]

9le = Kedz', 92 = 0, (2.11)

in terms of the extrinsic curvature K = e?Kij . We stress that the spin connection @??

is just introduced on OM to restore Lorentz covariance in the boundary term but it is not
related to any background-substraction procedure, where the background needs to be a
solution of the bulk field equations.

Therefore, the fully Lorentz-covariant expression for the Kounterterms Bg in terms of

the Levi-Civita tensor is!

1
Bs = 2 4pcp0? B (RCD + gegeFD) (2.12)

!The wedge product A between the differential forms is omitted throughout the paper.



In four-dimensional manifolds without boundary, the integration of the Euler-Gauss-
Bonnet term

E4 = €ABCD RABRCD — —d4$\/ -g (RMVaﬁ Rrvab _ 4}/\2“,, RM + RQ)

is simply proportional to the Euler characteristic x(M4). When a boundary is introduced,
the Euler theorem states that there is a correction due to the boundary

A . 1
/5ABCD RABRCD — 9 (47‘()2 X(M4) + 2 / EABCD 9AB <RCD + 3 (92)CD> , (2.13)

My OMy

given exactly by the expression (R.13) that is known as the second Chern form. In fact,
using the general formalism reviewed in appendix [A], the boundary term can be seen as a
transgression form for the Lorentz group SO(3,1).

In higher even-dimensional AdS gravity, the regularization of the conserved quantities
was achieved in the ref. [[4] by the addition of the Euler term &s,. This term is no longer
equivalent to the Gauss-Bonnet term, because it is the maximal Lovelock form in that
dimension. This construction is locally equivalent, by virtue of the Euler theorem, to the
n—th Chern form

1
Boy 1 =n / dte p, .. ny, 07142 (RA3A 4 208307 A1) 5 x (RA—142n 4 2g0om—1 gl Aan)
0

(2.14)
in terms of the continuous parameter ¢. This parametrization is useful not only to write
down a compact formula for the boundary term but to generate the relative coefficients
of the binomial expansion, as well. This fact has a deep geometrical origin as an explicit
realization of the Cartan homotopy operator, that permits to obtain the explicit form of
a boundary term whose exterior derivative is the difference of two invariant polynomials
for a given Lie group (See appendix [A]). It can be shown that the above boundary term
also cancels the divergences from radial infinity in the evaluation of the bulk Euclidean

action [L3].

2.2 Kounterterms and Chern-Simons forms

Remarkably, the regularization prescription given by the maximal Chern-form in even
dimensions works equally well for Einstein-Gauss-Bonnet gravity, where the coupling con-
stant carried by Bs,_1 takes a different value respect to the same problem in Einstein-
Hilbert [P4]. The same situation is found in a generic even-dimensional Lovelock-AdS
theory, where the Kounterterms series () preserves its form, but again its coupling con-
stant changes accordingly [RH]. This fact strongly suggests the universality of the boundary
terms that regularize the action for a set of inequivalent gravity theories (at least, the ones
that are Lovelock-type).

On the other hand, a finite action principle was set for Chern-Simons-AdS gravity,
a particular Lovelock theory in odd-dimensions that possesses a unique cosmological con-
stant, contains higher powers in the curvature and can be obtained from a Chern-Simons



form for the AdS group connection. The guiding line to derive the correct form of the
boundary terms is restoring gauge invariance by the use of transgression forms.

As we can see from appendix [A], the expression for the Kounterterms in Chern-Simons-
AdS gravity is given by a double integral in the parameters ¢, s € [0, 1]

1 t 2
s
By, = n/o dt/o ds&tAlmA%HHAIAQeAS <RA4A5 + t29246?FA5 + €—2€A46A5> X ...

2
X <RA2nA2n+l + t29g2n9FA2n+1 + Z_2BA2n6A2n+l> ] (2‘15)

In the spirit of the alternative regularization of AdS gravity in even dimensions, we will
assume universality of the form of the regularizing boundary terms in D = 2n + 1 dimen-
sions. In fact, as we shall explicitly demonstrate below, the boundary term () also leads
to a finite, well-defined action principle in odd-dimensional Einstein-Hilbert for a suitable
choice of its coupling constant coy,.

The relations (R.11)) leave a residual Lorentz symmetry on M and then, the boundary
term can also be written as

1 t 2
By, = —2n/ dt/ dsea, ...ay, K e <Ra3a4 — PK®B K% 4 Z—zea3e“4> X ...
0 0

2
Y% (Ra2n1a2n — {2 (%2n-1 [FG2n + Z_2ea2n1ea2n>’ (2.16)

where R is the boundary 2-form curvature, related to the intrinsic curvature by R%® =
%Rfje%ef’dmi A dad.
The tensorial form of the Kounterterms can be worked out projecting all the quantities

in the boundary indices (see appendix [B])

1 t 2
By, = 2m/—h/ dt/ dsoj; 1 K <§R42?3 ~ KK + 3—5425?3> X ...
0 0

Jie-Jon—1]" t1 1213 g2 712 713
1 . : ) ) s2 . )
- pJl2n—2J2n—1 _ 42 71-)2n—2 7-)2n—1 2 §J2n-2 gJ2n—1
- X <2Ri2n—2i2n—1 ¢ KiQn—Q KiQn—l + 02 5i2n—2 5i2n—1 ) (2'17)

In the language of differential forms, the gravitational action (R.I) can be written
in terms of the local orthonormal frame e = ef}dm“ and the 2-form Lorentz curvature
RAB = %f%f}f dz* Adz¥ (constructed up from the spin connection as RAB = dwAB —i—wéwCB)

as
- D -2
I = KD/ €A, Ap (RA1A2 + %61416142) A3 AP ¢y By. (2.18)
M D¢ oM
where the constant kp = (167G (D —2)!)~! and with the boundary term By given by (-19)
and (.15) for even and odd dimensions, respectively. The Lorentz curvature is related to
the spacetime Riemann tensor by RAB — %Rfjﬁ eéeg dz? A dzV.
An arbitrary variation of the above action produces the Einstein equations plus a

surface term ©
oI = / Ede? +dO, (2.19)
M



where F4de? is the Einstein equation,

1 A 1
EA(SBA = m&AAQAD(SeA <RA2A3 + 6_261426143) €A4 e 6AD, (220)
1 - 14
= —=V=0 (RW ~ 3RGu — Agﬂy> SGH. (2.21)

In the Palatini formulation of gravity, the contribution to © coming from the bulk
term is obtained from the variation of the Riemann tensor 6}?%“” = Vﬂéf‘%y — Vﬁf‘%“.
For the radial foliation (R.2), the surface term will involve only certain components of the
connection I'* . related to the extrinsic curvature as

2
fr - Llg I NK?
5= 5K = I3 (2.22)
such that it can be written as
© = —¢€aia9..a,0 K™ .. €% + cqdBy. (2.23)

The same coordinates frame implies that the components of the Lorentz curvature
RAB projected on M are

R' = DK® = D;K{dx' A da’, (2.24)

o 1 . .
R® = R® _ K9Kb = <§R§f — Kij?) dz® A da? (2.25)

where D; the covariant derivative in the boundary indices (defined with the submanifold
spin connection wab) and we have dropped the components along dp. egs. (B-24) and (2.2§)
are just the well-known Gauss-Coddazzi relations for a radial foliation (2.9)

- 1
I _ l

Rf; = —Viky, (2.26)

RM = RN — KFK! + KIKE. (2.27)

As an illustrative, simple example of the present procedure, in the next section we
show explicitly how the Kounterterms series in five dimensions leads to a well-posed ac-

tion principle for boundary conditions derived from the asymptotic form for AAdS space-

times (L1, (E2).
3. Five-dimensional case

Dirichlet counterterms are local functional that preserve general covariance at the bound-
ary. Kounterterms respect Lorentz-covariance in the tangent space, what provides a crite-
rion to select them. From the surface term (R.23), it is clear that By must be constructed

with the same parity as the bulk action, that is, the same invariant tensor €4, 4, for the

[AB]
O]
logical invariants of the Pontryagin class in even dimensions and many possible boundary

Lorentz group (and not ). In particular, this argument rules out the addition of topo-

terms in the case we are treating here.



Kounterterms are built up as totally antisymmetric 2n—forms. This eliminates a pos-
sible inclusion of terms containing covariant derivatives of the intrinsic curvature, which
are discarded by the Bianchi identity V[mR% = 0.

The extrinsic curvature can be defined in an arbitrary frame as Kap = —hghgnc; D,

A

where n? is a unit vector normal to the boundary, and related to the SFF by #48 =

nAKB —nPKA (KA = ngB). In that way, we can always write down the Kounterterms
as a fully-covariant expression, independent of any particular foliation. In five dimensions
this is given by

1 1
By = 6,41.“,4561411426143 <RA4A5 + §6AéHCA5 + @61446145), (31)

with the equivalence in tensorial notation (see appendix [B§)

[J1j273] 01 1213 12 713 342 12 i3

By = VTRl g (Rﬂ.'w’s e i5?26?3>- (3:2)

3.1 Variational principle and asymptotic conditions

Arbitrary variations of the total action (R.1]) produce a surface term

3 1
0I5 = —2/ n5€abcd5K“ebeced + Ca€apead K€ <RCd — KK+ —zeced>
oM 2 64
1 1
+catapeaK40€° (RCd - 5KCKd + @eced) (3.3)

when equations of motion hold. The constant in front of the bulk action is k5 =
1/(967@G).The above equation can be conveniently rewritten as

~ 1
0I5 = —2/ Ii5€abcd5Ka6b€ced + 2646abcd5Ka€b <RCd + —2€c€d> (3-4)
oM 3¢
1 1
—CaEapea(0K e’ — K5eb) <R6d — §K6Kd + ﬁeced>, (3.5)

with the help of the Gauss-Coddazzi relation (R.23).

A well-posed variational principle for precise asymptotic conditions in AdS gravity is
essential to attain the finiteness of the conserved quantities and the Euclidean action. This
amounts to on-shell cancelation of the surface term (B.3) using boundary conditions derived
from the asymptotic form of AAdS spacetimes ([L.1)), (L.9).

In general, the Dirichlet variational problem for gravity is well-defined if one supple-
ments the action by the Gibbons-Hawking term and fixes the metric h;; at the boundary.
In this way, the surface term coming from an arbitrary variation of the Dirichlet action
vanishes identically, no matter if the boundary is at a finite distance (e.g., on a brane, to
define the Israel matching conditions) or at infinity. However, it has been recently argued
in ref. [[L1] that the standard Dirichlet boundary condition for the metric hi; does not really
make sense for manifolds with conformal boundary, as it is the case of AAdS spaces. It is
clear from egs. ([L1), (L) that the variation of h;; is divergent at p = 0 and one should



instead fix the conformal structure g(g);;. However, due to the divergence produced in this
way, the action requires additional boundary terms on top of the Gibbons-Hawking term,
that turn out to be the standard Dirichlet counterterms.

In the present formulation, we will consider a boundary condition that derives from
the asymptotic expansion of the extrinsic curvature

2
' li i P -1 -1 -1 j
Kj = Kjh" = 55; 5(9(0) 90)); ~ 7 (29092 ~ 909090 905 + -+ (3.6)
in increasing powers of p. This asymptotic behavior implies that the extrinsic curvature
satisfies

K] = Zéi : (3.7)

on the conformal boundary, and an arbitrary variation is given by
SK7 = 0. (3.8)
Had we attempted to fix K;; = %g(o)” + ..., we would have faced the same problem as

fixing the boundary metric h;;. On the Contrary, eq. (B-§) is a regular boundary condition
on the extrinsic curvature that can be derived from fixing g(g);; due to the asymptotic form
of AAdS spaces. In particular, in the asymptotically flat limit (¢ — o0) this accident no
longer occurs.

The condition (B.7) has been also taken as the boundary data for the problem of
holographic reconstruction of the spacetime in terms of the extrinsic curvature in ref. [[L1].

Making explicit the indices in the term proportional to the curl €gpeq(6K %€’ — Ke?),
the last line of eq. (B.F) is

atea €2 [ el + oesel (K0, — KL, )| (Rfju KEKD + glz emeM) d'z,
(3.9)
that vanishes identically when we take the condition (B.7) on the extrinsic curvature and its
variation (B.§). We assume a constant (negative) curvature in the asymptotic region ([.4),
that in the language of differential forms reads
RAB 4 %QeAeB =0, (3.10)
that in particular holds for the boundary indices. This is a local condition at the boundary
known as ALAdS (asymptotically locally AdS) that in principle does not impose further
restrictions on the global topology of the spacetime. Therefore, solutions of this class in-
clude not only point-like black holes as Schwarzschild-AdS and Kerr-AdS, but also extended
objects as black strings.
The coupling constant ¢4 is then fixed as

3/‘6562 fz
- - 311
“= 1287G’ (3.11)

to cancel the rest of the surface term.

Now that we know the coefficient in front of the boundary term, we notice that the

term proportional to v/—hK carries an anomalous factor 4;6' compared to the one of the
Gibbons-Hawking term in eq. ([[.J), what is a consequence of a different action principle.

,10,



3.2 Conserved quantities

In the standard Dirichlet problem of gravity, the bulk contribution to (B.5) is canceled by
the Gibbons-Hawking term and no other terms along d K can appear from the boundary
term B, as it is a functional only of intrinsic quantities.

In the present approach, the surface term (@) contains variations along the extrinsic
curvature, such that we cannot identify a quasilocal (boundary) stress tensor from the
variation of the total action.

However, we can always define the energy and other conserved charges associated to
asymptotic symmetries of a gravitational system through the Noether theorem.

In the appendix [J we summarize the construction of the Noether charges for an ar-
bitrary Lagrangian. The conserved current in the case we are considering here is given
by

xJ = —@(ea, K¢ be?, (5Ka) — ig(Lg, + C4dB4)7 (3.12)

where Ls is the bulk Lagrangian, i¢ is the interior derivative (also known as contraction
operator) with the Killing vector £ defined in the appendix [J and © is the surface term

2 R 1
= 3G [eabcﬁK“eb <R6d + 6—2666d>
l SK@ b Ka(sb Rcd chKd L c d 3.13
_2€abcd( e - 6) _2 +2£266 : ( . )

The derivation of the conserved charges from the current extensively use the properties
of interior, exterior and Lie derivatives, Bianchi identity, and the equations of motion in dif-
ferential forms language. However, we will exploit a shortcut for the charges (C.7) pointed
out in appendix [d, by identifying the contributions coming from the bulk Lagrangian and
the boundary term By.

In doing so, the Noether charge is written as

. 0By . 0By
=K K* “ 3.14
Q) = k(e e [ <z§ D81 | jeen2 ) (3.14)
where the first term is known as the Komar’s integral
1 :
K(§) = B’ /E)Z Eabed 2§K“ebeced, (3.15)

and it is the conserved quantity associated to the bulk term in the gravity action.?

In an arbitrary dimension D > 3, the Komar’s integral has the form

1 1
K(¢) = a1oap 1 feKMe® . e®Pm1 = e S
€3] 817G /825 1ap—1 %€ € e 167G aEV 3 I

where d¥,, = (D—\/_i)!ewal cap_o AT AL Adz¥P =2 is the dual of the area (D—2)-form (o is the determinant
of the metric on the sphere S”~2?). When evaluated for a timelike Killing vector on the Schwarzschild-AdS
solution, this formula gives a factor (D — 3)/(D — 2) times the mass, plus a divergence in the radial
coordinate. The divergence is usually canceled by background substraction, procedure that however does

not solve the problem of the anomalous Komar factor |
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The expression for the Noether charge appears to be naturally split in two parts,
associated to the first and second line of the surface term (B.13), respectively

Q&) = (&) + (&), (3.16)
2 R 1
q(§) = 327G s €abedic K€’ (R“I + g—zeced>, (3.17)
52

q(§) =

1 1
€abed (igKaeb + Kaigeb) (Rcd ~ 5KCKd + —eced>. (3.18)

647G Jyox, 202

As we shall see below for concrete examples, the formula for ¢(§) provides the standard
conserved quantities (mass, angular momentum) for AAdS solutions. In tensorial notation,
q(&) takes the form

EZ
- 647TG ox

q(§)

V=hes, i (€K )2 <R§g§i + %25{];40 da?2 ¥ da", (3.19)
where the product dz’? A dz?3 A da7* stands for the volume element of the boundary of
the spatial section 0% (i.e., boundary indices without the time). Notice that (B.19) is
proportional to the Lh.s. of eq. ([.4), and therefore vanishes identically for any solution of
global constant curvature, as AdS vacuum and spacetimes with topological identifications
that preserve AdS flatness.

The above reasoning leads us to consider (B.1§) as a general formula for the vacuum
energy in five-dimensional AAdS spacetimes

02 i i o in U lisia] 1 fisia] , , A
D)=~ 557G [, ~heniainnd (K 05+ KE‘SZQ)(R%“Z—iKﬁZ}W‘S[ﬁ} do’dz?>dz™,
(3.20)
where we have introduced the shorthand
K\ = KiK{ - K{K]. (3.21)

The regularization of the conserved quantities and the Euclidean action in five-
dimensional AAdS solutions is illustrated through concrete examples below.

3.3 Examples

Schwarzschild-AdS black hole and topological extensions. Static solutions to EH-
AdS gravity are given by Schwarzschild black hole metric. Due to the negative cosmological
constant, the transversal section E%_z can be the sphere SP~2, a (D — 2)-dim locally flat
space or the hyperboloid HP~2

dr?
2 2 2 2 m gon
ds® = —A*(r)dt” + A20r) + 7 Y d0™dO™, (3.22)
where the metric function is
2wpGu 12
N(r)=k-=F5 + 5 (3.23)
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Here, 1 appears as an integration constant, wp = and Ymn (m,n =

1,..., D —2) is the metric of EkD—z of constant curvature k = £1,0. The event horizon 7
is defined as the largest root of A?(r,) = 0.
In order to compute the mass and the vacuum energy, we use the following components

of the extrinsic and intrinsic curvatures

A

K} = A/, KL = ——¢2, (3.24)
m yom
leﬂl _ E [M1ﬂ1] (3 25)
M2tz = 27 [myny) '

where prime denotes the derivative d/dr, and the determinant of the boundary metric
V—=h=AyyrP2 (3.26)

Notice the opposite sign in the leading order of the asymptotic behavior of sz respect
to eq. (B.g), due to the change in the radial coordinate.
Thus, for the time-like Killing vector { = 9/9t, formula B.19) gives

2
q(8;) = M = 3Vol(25) TEI&(AQ)IT{K5T2 + 2¢4 <k - A4 &) }, (3.27)
Vol(35)
= V(59" (3:28)

in agreement with the result from background-dependent methods, e.g., Hamiltonian for-
malism [R7]. We have written eq. (B.27) as an intermediate step just to make clear the
contributions from the bulk and the boundary that will be useful for the black hole ther-
modynamics below.
Plugging the metric (B.29) into the formula (B.20), we obtain
r ( AZ)/ 7“2

. 1
q0(d) = Eo = =3IV ol(S5)es lim <A2 - T) (k: - ZA @> (3.29)

53V ol(X5)

e 2. (3.30)

= (-k)

The result for the spherical case (k = 1) is the Balasubramanian-Kraus vacuum energy

Ey = % for SAdS black hole that appears in the Dirichlet regularization of the stress

tensor [E] .

In the case k¥ = —1, cosmic censorship holds for a mass over a critical value
3
M, = % 1o that separates black holes with hyperbolic transversal section from naked

singularities. This value, for an arbitrary dimension, is

_€D73 (D _ 3)D73
wDG (D — 1)D71,

e = (3.31)

where wp = (D*?)VSW' The critical mass in five dimensions has the same value (with
opposite sign) as the vacuum energy (B.3(]). Therefore, despite the fact that in 5D AdS

,13,



gravity there exist black holes with negative mass, the vacuum energy restores the positivity
of the total energy E = M + Eq [§.
We show now that the boundary term (B.2) makes finite the Euclidean action (2.1) for
five-dimensional SAdS solution, and that correctly describes black hole thermodynamics.
The Euclidean period 3 is defined as

4
(A2)

T+

f=T""= (3.32)

where T is the black hole temperature. This condition comes from the requirement that,
in the Euclidean sector the solution (B.23) does not have a conical singularity at the coor-

dinates origin (r = r). In the canonical ensemble, the Euclidean action
S =pE—1TIF, (3.33)
defines the entropy S and the thermodynamic energy

ar®
o3

of a black hole for a fixed temperature. The Euclidean bulk action is evaluated for a static
black hole of the form (B.29) as a total derivative in the radial coordinate, such that

£= (3.34)

[e o]

I = —k,3IVol(35)8 [(A%) %)) (3.35)

T+

and the Euclidean boundary term as

2 2y/ 2
/E)M BE = —3!V0l(2’§)ﬁ[r(A2)’<k A%y ;ﬁ) + <A2 - @) <l<: - %AZ + ;—@)] (°°.
(3.36)

The total Euclidean action I, 5E = I]ﬁllk +cq f M Bf contains two contributions: the first
one from the bulk at radial infinity plus the boundary term that can be identified (using
eqgs. (B.27) and (B.29) as —B(M +Ep).

Therefore, the finiteness of the Noether charges for static black holes ensures that the
divergencies at r = oo of the bulk Euclidean action are exactly canceled by the ones in the
boundary term Bjy.

It is reassuring to check that the thermodynamic energy definition

_8IE/37"+
9B/0or

recovers the same result for the total energy as from the Noether charges defined above.

&= = M + Ej, (3.37)
Finally, the entropy is the horizon contribution of the bulk Euclidean action

g vol(S5) 1% Area
4G 4G

(3.38)
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-Kerr-AdS black hole. The general Kerr-AdS metric in five dimensions possesses two

rotation parameters a, b, and it can be written in Boyer-Lindquist coordinates as [R]

ds? = - =L — —d — +
2 5. ®T g A TA

2 2
Apsi 29 2 2 A ,29 2 b2
_,_% <adt _ wd(b) + 26008 U <bdt _ udw
p p =

_|_

A <dt 3 asin® 6 B bCOSQHd@Z))Q n p?dr?  p*d6*

—
—a

1472 /02 b(r2 4 o2) sin2 6 2 | 2 2 2
(+T2/ )<abdt— (7“ +:L)sm d¢_a(r +H)COS d¢>  (3.39)

=a =p

r2p

where the functions in the metric are

1
A, = 2 (r* +a?) (r* +b*) (1 +r?/0%) — 2m, (3.40)
a? b2

Ng=1-— 2 cos? f — 7 sin” 0, (3.41)
p? = 1%+ a®cos? 0 + b*sin? 0, (3.42)
_ a? _ b2
2, = 1_6_2’ :b51—€—2, (3.43)

0<6<m/2 0<¢<2m, 0 <y < 2m. (3.44)

The event horizon r is the largest solution of the equation A,(r;) = 0, whose area is

92 (2 2y(p2 4 p2
Area = = (ry +a)(rs + ) (3.45)

r+ZaZp

Evaluating the charge formula (B.19) for the metric (B.39)—(B.44), we have

3 m
E =q¢(0) = ——— 3.46
q( t) 4G EaEb7 ( )
Ey = qo(0;) = _wl (72,5 + Z2 4+ E5) (3.47)
96=,2,G @ ’
and the angular momenta
T ma
Jo = q(0) = = ope, 3.48
a ( (b) 2G :Z:b ( )
T mb
Jb = q(aw) = — . (3.49)

The quantity (B.46) is the energy obtained by Awad and Johnson in [PJ] that, however,
does not satisfy the first law of black hole thermodynamics, as has been pointed out in [B(].
The expression for the vacuum energy Ej is in agreement with 9], and it is equivalent to
the Papadimitriou-Skenderis result [[L1]

3 (? Eq — )’
By =L <1+( ) ) (3.50)

~ 326G
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both computed using different versions of the counterterms method.
Notice that the physical energy for Kerr-AdS is obtained with a Killing vector that
does not rotate at infinity § = 0 + 0 + ,Z%aw,

a b ™m — — - -
E = q(f‘)t =+ 6—23(1) + 6_287’1)> = ZLGT?IE% (2:(1 =+ 2:() — :a:b) . (351)

The on-shell Euclidean action is
F=_C QONvV-— Q (By)|"= 52
5 572 . dr | d h+ Bey [ dQY (By)] (3.52)

and we see that the boundary term cancels out the divergences coming from the bulk
action, such that we have the finite result

B

= 96022,5,G
—b* + 90767 + 2473 b?), (3.53)

¥ (—a4 +9a*0? + 2472 a® + 17a*b? — 24me* — 91* + 24Ti -

This expression can also be put into the form of Awad-Johnson

FE /377 2 2 _ — 9 _9 o 4 A
I = m(u (r3/0%) (1 =4 — Ep) + Zp + Ejf + EoFp + 1207 /0~

—2(a* + bh) /0t — 12 (a®6?/04) () — 1/3) — 12), (3.54)
or the more compact one obtained by Papadimitriou-Skenderis

o

If = BEy + Wz:b
2,2

(me? — (T-ZF + a2)(7“3_ +v?)). (3.55)
In order to obtain the correct value for the entropy, one must use &€ = E + FEy as
the total energy for the black hole system, the angular velocities respect to a non-rotating
frame at infinity
a(l+ r3?) b(1+1r2672)

Q= —— "~ O =—_T /7 3.56
a 7”3_+a2 ) b 7"_2|_+b2 ) ( )

and the Euclidean period

271'(7“3_ + a2)(7’_2F + b2)€2

= . 3.57
b 2rS + (0% + b2 + a?) — a?b?(? (8:57)
The above quantities satisfy the thermodynamical relation
g Area
S =p6(E—Qudo — Wp) — I5 = e (3.58)

that recovers the entropy in terms of the area for Kerr-AdS black hole (B.49).
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-Clarkson-Mann solitons. In recent papers [B], BZ], new solitons in cosmological space-

times were presented. These solutions resemble the Eguchi-Hanson metrics in four di-

mensions [BJ] and in the case of a negative cosmological constant, they posses AdS/Zp

asymptotics and a lower energy than the global AdS or even global AdS/Zp spacetimes.
The Clarkson-Mann-AdS soliton metric reads

2 _ 2 702]0(74) . 2 dr? r2 9
ds* = —g(r)dt* + —=[dy) + cos 0dg]” + OO 03,
2 at
gr) =1+, fl)=1-—7, (3.59)

where dQ3 is the metric of the unit 2—sphere.
In order to remove the stringlike singularity at r = a, the period of 1) must be 47 /p
and the parameter a satisfies the relation

a’? =12 <p—2 - 1> : (3.60)

4
with p > 3.
The energy for this solitonic solution is negative
4
Ta
E=q0) = ——+ 3.61

in agreement to the result computed using the standard counterterms procedure in [B1], B4].
The present method also reproduces the value of the vacuum energy, which is lower than

that of global AdS spacetime
302

Ey = qo(0r) = .

0 = qo(9) 32Gp

The negative mass (B.61)) has also been found in [BH] through a spin-connection formulation
of the Abbott-Deser [Bf] (and, more recently, Deser-Tekin [B7, B|) method.

The total Euclidean action

(3.62)

"=ty b | BE, (3.63)
oM
turns out to be
I¥ = B(E + Ey) (3.64)

where the Euclidean period § remains arbitrary, as the solution is horizonless. As a con-
sequence, the entropy of the system is zero.

4. Seven-dimensional case

Before we go into the general odd-dimensional case, let us consider D = 7 also for illustra-
tive purposes. The expression for the boundary term

1 t 2
Bs = —6 / dt / dseq, . .an K™ €™ (Ram — PK®S K% 4 Z—Qeaaewl) x
0 0

2
« (Ra5a6 _ t2Ka5Ka6 + 2_2605 €a6>, (41)
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after the parametric integrations are performed is given by

Bs = —3ca,..a K™ e <Ra3a4R“5“6 _ L gas o peos ooy L gaa gas g
3

1504
—RWM K% K% + 3—22]%“3“46“56“6 Yz — K% Ke% ‘”’). (4.2)
The equivalent tensorial form of the Kounterterms for seven dimensions is
By = V=haf ) <RZ§f§RiZf§ - SKEKPKQRE + 60260167
CORELKUIS + S RERGIR — G LRGSR ) (13)

4.1 Action principle

Now we develop a similar treatment as in the five-dimensional case, writing down an
adequate form of the variation of the boundary term, in order to use suitable boundary
conditions for AAdS spacetimes. Varying the seven-dimensional action, we have — on-shell
— a total surface term

3 )
5l = —2/ n7eabcdfg<5Kaebecedefeg + §Cﬁﬁabcdfg(5Ka€b <RCdeg + gKCKdKng
oM

1cdf cd 1 f 79 ed f o9 _ crd gD as.b
+15£4€€€ RKK—i—gR e 3£2KKee +§Cﬁ€abcdng5€X

1 2
(RCde 94— 2 KCKdKf K94+ — =7 ecedef eI —ROKTKI+ E—QRCdef ed— @KCKdef eg> .
(4.4)

The constant in front of the bulk action is k7 = 1/(167G x 5!). The total variation
can be put into the form

~ed £ 2 4 1
0l; = —2/ /€76abcdfg5Ka€beced€f€g+3066abcdfg5Ka€b <RCdeg+?RCdefeg+5£ eCelel e )
oM
3 1
—icﬁeabcdfg(al(aeb — K%¢) (RCde 94 3KCKdKf K+ o —ecelefed — RAKTKY
1 cd _f g 2 crrd f g
+£—2R ee—@KKee . (4.5)

using again the Gauss-Coddazzi relation (R.2§). The above relation already hints a pattern
for the surface term coming from the total variation of the action,

t2 o 1P
6I; = —Q/E)MmeabcdfgéK“ebecedefeg+306/ dteqpearg0 K e b(RCd 62 e d> (ng—i-e—zefeg)
1 2
t
—3cg / dt teapedry (0K “e? — K5e?) (RCd—tQKCKd—i— ced> (Rf 92K ' K9+£—zef eg>
0

(4.6)

6_26

that we will confirm below in the general odd-dimensional case.
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As in the five-dimensional case, we consider a more explicit form of the second line

Caeary 125450 [3163 el + desel (K3 oL, - KL,o7 )]

11 ) 12 71 12 12711

1 2 2
Loed 2 a ! da\ (Lpr 2 5 f t 6
X /0 dtt <§R2¢3i4 — K K}, + 7 €5, €1 §Ri5%e —t°K;, K] + €—26i56f6 d’z, (4.7)
that again vanishes identically for the boundary condition on the extrinsic curvature (B.7)
and the corresponding variation (B.§). Thus, the problem of a well-defined action principle
amounts to fixing the coupling of the boundary term cg. In the asymptotic region the
spacetime curvature is constant and then, inserting (B.10) in the first line of eq. (£.9), we

have )
8I; = —2/ eabcdfgéKaebecedefeg </<;7 + 36—2/ dt(—1+ t2)2> . (4.8)
oM e Jo
Thus, the cancelation of the surface term implies
5 o
S o — 4.9
=g 167G x 192 (4.9)

Now that we have achieved a well-posed action principle, we discuss the construction
of the Noether charges that derive from it.

4.2 Conserved charges

The Noether current for the seven-dimensional case is
xJ = _@(ea,Ka’éea,(;Ka) —ZE(L7 +CGdBG), (410)

where L7 is the bulk Lagrangian and © is the surface term

15 Lo t2 . t2
0 = —257/ aabcdfgéK“eb [ecedefeg — —64/ dt <R6d + —zeced> <Rf9 + —zefeg>}
oM 8 Jo ¢ ¢
1541 a_b as b chCdtzcd fg 2fgt2fg
—|—8€ Odtt&?abcdfg(éK e’—K%e")| R“—t*K°K +£_26 e || RY—t+*K'K +£_26 e
(4.11)

Carrying out the construction in appendix [(J for a bulk Lagrangian supplemented in a
boundary term, the Noether charge is written as

0B 0B
Q) = /Bz 2K7€ abedf g igKaebecedefeg + ¢ (igK“ 5[((; + ige” 5e‘f> (4.12)

The formula for the conserved quantities contains two contributions

Q&) = q(§) + qo(§), (4.13)

that can be traced back to the first and second lines in the surface term (

5, [t/ t2 R t2
q(&) = 2/{7/ 6abcdfgi§Kaeb [ecedefeg - §€4/ dt (RCd + E—zeced> (ng + ﬁefeg>] ,
ox

0
(4.14)
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will provide the mass and angular momentum for AAdS solutions. Equivalently, eq. (4.14)
can be factorized as

30 . a b pecd 1 c d » 1
q(§) = —§H7€4 /(92 Eabedfglte K e (R + 2ee > (ng - ﬁefeg> (4.15)

that in its tensorial form
64

1) = Torax128 J,

. . s 1 sus N 1 . . .
. . k11t 7 231 [l 2 } 157 [2 4 ]
2\/—h€zl...16 (EF K )o% (R;S» S, ]> (Rji s, ]> da? ... daio,
(4.16)

is proportional to the curvature for the AdS group and, therefore, identically vanishing
for (global) AdS spacetime. The product daz’2 A ... A do’6 is the volume element of the
boundary of the spatial section 9% (at constant time).
As a consequence, the additional term ¢y in the conserved quantities is responsible for
the existence of a vacuum energy
30 4

1 2
. ) ¢
q(§) = < /8 E/0 dt teaedfq (Z§Kaeb + K%geb) (RCd —2K°K? + z eced> X

2
X <ng —?2KfK9 + E_Qefeg>7

£4 1 k . L . . t2 L.
I va—— —he;. . Kus2 L Kust2 1304 _ 2K[Z314] [2374]
167G % 128 /az/odttv heiy...i€" (K} 72 + J25k)<R t plizial ) 5

J3j4 [3ja]l * g2 " [j3ja]

2
isi 2 plisis] | 7 Slisic] ' '
(s —ead + ol oo e (1)

where we have kept the parametric integral because, otherwise, the expression is more
involved.

4.3 Examples

Topological static black holes. For the seven-dimensional static metric specified by
egs. (B.22)-(Killing vector ¢ = 9;. Using the relations (B.24)—(B.24), we obtain

q(8) = M =5!Vol(XF) lim (Az)'r{n7 [# + 3cg /01 dt (k — A% tQT—Qﬂ } (4.18)

r—00 /2
Vol(2F)
= o/, 4.1
Vol(55) " (4.19)

for the mass, whereas for the vacuum energy takes the negative value
A2Y 1 21 2
q0(0;) = Ey = —2 x 5legVol (2F) lim <A2 - T(T)> / dtt(k —2A% 4 t22—2> (4.20)
T—00 0
5 B
1287G

= (—k) Vol(2F). (4.21)

We have included an intermediate step in the computation of both the mass and vac-
uum energy, because these expressions will appear again in the evaluation of the Euclidean
action.
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With the Euclidean period 3 defined as in eq. (B.33), the Euclidean bulk action, eval-
uated for a static black hole of the form (B.29) in seven dimensions is

[e.9]

Ty

Iy = =5k, Vol(Z5)8 [(A%)r7]] (4.22)

The boundary is defined only at the asymptotic region and then, the Euclidean bound-

ary term is

AQ/ 1 t2 2\ 2
BE =2x 5!Vol(2’g)ﬁ[r(T)/ dt(g; — A%+ £_2> +
0

oM
AQ ! 1 2\ 27 |00
+<A2 - M) / dtt(k: — A2 4 t2%> ] (4.23)
2 0 1
such that in the total Euclidean action
IF =T +cs / BY (4.24)
oM
the contribution at r = oo can be read off from eqgs. ({.1§), (
Vol(3F)
E _ VYY\“H5) 0 5 2\/ .
I7 = .o Pri (A7) |, — B(M + Ep). (4.25)

Using the definition of thermodynamic energy € in eq. (B.37) —that is equivalent to the
result obtained from the Noether theorem— we obtain the entropy as the Euclidean bulk
action evaluated at r = r
B Vol (35)r% _ Area
4G 4G

Kerr-AdS; black hole. The number of independent rotation parameters for

S

(4.26)

D—dimensional Kerr-AdS metric is equal to the number of Casimir invariants for the
rotation group SO(D — 1), which is the integer part of (D — 1)/2. The general rotating
black hole in seven-dimensional AdS gravity then possesses three rotation parameters, but
we shall consider below the particular case of a single rotation parameter to show the
finiteness of the conserved quantities and Euclidean action.

The line element for the one-parameter Kerr-AdS7 spacetime is

A in2 2 2.2 2 192
dSQ:——Zr <dt_asm 6’d¢> +7’200529d¢2+pdr _|_pd6? +

p = Ar A@
2
Agsin? 0 2+ a?
e L <adt _ qus + 12 cos? 0d02, (4.27)
p =
where the functions in the metric are
A, = (7“2 + a2) (1+ r?/0?) — 2m/r?, (4.28)
2
a
Ap=1-— 7z cos? 0, (4.29)
2 =124+ a%cos? 0 ::1_a_2 (4.30)
p h— ) —_— ,62 M *
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and dQ% is the metric of the 3—sphere
dQ2 = dip? + sin® dn? + cos® ypd5? (4.31)

and the angles range is 0,9 € [0,7/2] and ¢,n, 5 € [0, 27].
The area of the event horizon is

373 (3 +a?)

Area =7 = (4.32)
Using the charge formulas (f.16) and ([£.17) for the metric (£.27)-(f.31) yields
B = q0) = 22, (433)
Ey = qo(0) = —@ (5065 — 50a¢* + 5a*(* + a®) , (4.34)
and the angular momentum ,
J=a(05) = 7 zs- (4.35)

The values in eqs. ([33), (.34) and ({.35) agree with the ones computed using a

Dirichlet counterterms regularization [0, B9). The vacuum energy can be also written as

5m2 et (1-2)%(6—2)
Ey=— 1 4.
07 128G ( * (4.36)

in order to make more manifest the matching with the vacuum energy for Schwarzchild-
AdS ({21)) in the non-rotating limit® and to try to infer the general vacuum energy in the
case of three different rotation parameters.

As pointed out in the five-dimensional section above, the physical energy for a Kerr-
AdS black hole is the conserved quantity associated to a non-rotating asymptotic timelike
Killing vector £ = 0; + 1394 [BU]

m7r2

a

E:q<at+€2

in agreement with the formulas in refs. B0, B9[], specialized to a single nonvanishing
rotation parameter.

In order to complete the discussion about regularization of this seven-dimensional
solution, we compute the on-shell Euclidean action, that for an stationary spacetime is
given by

=i [T [
IF=Tcp . dr [ dOANVh+ Beg | dQ (Bg)|™=>, (4.38)

where the Euclidean period is

_ 21(rd +a®)ry
3ri/€2 + 27“3_(1 +a2/02) + a2’

B (4.39)

3The volume of S° is 7°.
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The divergences at radial infinity in the bulk action are exactly canceled by the ones
in the Euclidean boundary term, such that we get the finite result

24 4.2 6 6 4
E _ /377 g 7“ a T'+ m a a

= "Tx0Ea [ 60( T e_4> + g5 Toa T (4.40)

that can be conveniently rewritten as
IF = BBy + I}, (4.41)

where
IE Br® 2 4.2 2

I = 8G€2:(m€ —ri(ri +a%)) (4.42)

corresponds to the value of the Euclidean action computed in a background-substraction
method [BO]. Eq. (.43) satisfies the thermodynamical relation

g Area

4G
for the energy ([.37), angular momentum (f£3§), the angular velocity respect to a non-
rotating frame at infinity

S =pBE—QJ)— (4.43)

a(l+rie?)

0= 4.44
T-2i- + (12 ? ( )
and the area of the event horizon
3 (.2 2
Area = WBM. (4.45)

—
—

In turn, the Euclidean action (}.41), computed using the background-independent
Kounterterms prescription, obeys

A
S=p8(E—-QJ) - IF = 47"—26‘ (4.46)

for a thermodynamical energy consistently shifted in the vacuum energy &€ = E + Ej.

5. General odd-dimensional case

We have already introduced the general form the Kounterterms series adopts in any odd
dimension D = 2n+1, egs. (R.1)-(R:17). The parametric integrations provide the relative
coefficients of the boundary terms when eq. (R.I7) is expanded as a polynomial in the
extrinsic and intrinsic curvature

— I
Boy, = nlv— Zwbgg’ (5.1)

f2(n—1-p)
where
® _ [11 “G2p+1] ¢ 1p—a 2n~ (pratl) J1J2 . J2q—1J2q 1-J2q+1 Jop+1
P q—1J2q a+1 g2
b2” ]1 “Jop+1] Z p C] ql n_q) irig Rzgq 192¢ Ki2q+1 K12p+1 . (5'2)
q=0
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The surface term obtained from an arbitrary variation of the action (R.])-or equiv-
alently, (R.1§)- has a more involved form in the general odd-dimensional case. In the
appendix [0, we summarize the process of variation of the action in the general case, cast
in an appropriate form that allows us to impose the asymptotic conditions for AAdS space-
times discussed above

1 2
0lopy1 = —2/ €ay...an, 0 e [RDe“S...ea% —i—ann/ dt(Ra3a4 4+ — 7 e “4> X ...
oM 0

. 2
X (Ra2n102n + £_2602n71 602n>:|

1 2
—MNncCop / dt t€a1---azn (6Kal 6a2 - Kal 6602) (Ra3a4 t KaSKa4 T f as a4> SR
0
t2
% (Ragnwzn _ t2K02n71K32n + 6_26‘12”*1 ea2n>_ (5.3)

As we have already seen in the five and seven-dimensional cases, no matter the terms
that multiply the curl €4, 4,...a,, (0K e — K% e%), the asymptotic conditions (making the
full action stationary then reduces to fix the coupling constant ¢y, of the boundary term.
This can be done demanding the spacetime to be of constant curvature at the asymptotic
region (eq. (B.10)). In a Riemannian manifold, this condition is equivalent to asymptotic
flatness for the curvature of the AdS group

eAeB TA
F=dA+ANA = (RAB z > Jap + = Pa, (5.4)
where A = %wABJAB + %PA is the SO(D — 1,2) group connection field, {Jap, P4} are
the generators of AdS rotations and translations, respectively, and T4 = %T;}/dm“ Adzx¥
the two-form torsion.

Assuming (B.10), we obtain the value

1 —1
Con = —42—25D [ dt(t 1)"1] : (5.5)
0

_ ( gQ)n 1 (5.6)
4ntlnGn [(n — 1)1

whose fixing is equivalent to canceling the highest-order divergences in the Euclidean action.

5.1 Noether charges

The conserved current associated to an isometry and prescribed by the Noether theorem,
in the general odd-dimensional case is

*J = —@(ea, K¢, o0e®, 6Ka) — if(LQnJrl + C2ndB2n)- (57)

Here, Loy 11 is the bulk Lagrangian in 2n + 1 dimensions, Ba, is the regularizing Kountert-
erms series and © is the surface term in the variation of the action (f.3).
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Either replacing the explicit form of the terms in eq. (5.7) to write down the Noether
current as *J = dQ(§) or employing the shortcut to the charge derivation in appendix

Q) = /a g 2KDEa;...azy 1K e¥ . ™" + cop (igKa (;%: +ige” 5(53;”) (5.8)
the conserved charge is split as
Q&) = q(&) + qo(§)- (5.9)
The first contribution can be traced back to the first two lines in the surface term (f.3)
00 = g [ o T €0 5] o)

1 2
i3i [i314] Sion—1i2n t [i2n—1%2n] j j
+n02n/0 dt <R]?‘3))]i + 6_25[-73-74}> e <Rj2n—1j2n f_z(s[]Qn—l]Qn]>:| dl"n e dxje5,10)

and the second one comes from the curl term in the same term

_ NCon ki i i i [1374] [i324]
q(§) = “on—2 / dt teiis...inn & (%i Kllel +5IZ<U‘2 KJZ;) (Rﬁ?ﬁ K[J3J4] T /2 5[]3]4])
12n—112n 2 7-lt2n—1%2n] [i2n—112n] j j jon
<Rj2n1j2n —1 K[]Qn 152n] t _6[j2n1j2n]>dx]2dx]3 oo d (5.11)

Evaluating the formula (5.10) for £ = d; in AAdS static black holes (B.22)-(B.23) gives

1 202\ 1
q(d) = (D —2)!Vol(2%_,) lim (A?)'T{HDM"U + ncan / dt (k: A? €—2> }
r—00 0

(5.12)
where the derivative of the function in the metric is
o wpGu r?
Expanding the second term as
1 2,2 -1 2
nczn/ dt <k A? + 6—2> =KD (—rz("_l) +(2n — DwpG—p+ .. ) (5.14)
0 T

where the additional contributions of lower order in r are irrelevant in the limit » — oo,
the topological black hole mass is finally

Vol(E’f)iQ)

q(0) = = m#-

The other formula in the conserved charge, qo(§), specialized for a timelike Killing
vector and topological black holes, produces

_ o\ k : o (AN [ 272 4 t2r2\ "
q0(0¢) = —2con (D — 2)IWVol(¥}H_5) lim [ A 5 dtt| k—t°A v ,
r—00 0
(5.15)
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where the explicit evaluation of

r(A2) wpG
272 wp@G
(k —t2A% + £—2> = k(1 -t} + 2t2TD73,u, (5.17)
introduces at most finite contributions to the zero-point (vacuum) energy
Vol(3k, ) . (2n— 1)112
00(84) = Eg = (—k)" ———2=2gn 2(2n — VI (5.18)

8rG (2n)!

This expression corroborates the general formula for the vacuum energy for odd-
dimensional AdS spacetime conjectured in ref. [§], based on an extrapolation of explicit
results in the counterterms method up to nine dimensions.

In order to verify the consistency of the black hole thermodynamics, we compute the
total Euclidean action

i1 = Iy + con /aM BE, (5.19)

for SAdS black hole. The bulk term is a total derivative, such that the integration in the
radial coordinate in the interval [ry, o) is simply

I = —kp(D = 2)Vol(Sh_)B{(A)rP 72} (5.20)

T4+

and the Euclidean boundary term is

2
+<A2 — T(%Z)v /01 dtt(k —?A% 4 tZ—ZZ)nI] (OO. (5.22)

The total contribution at r = oo can be identify as —3(M + Ej) and then the total
Euclidean action is

/ 1 n—1
/ BE = 2(D - 2)!%5(2’52)5[’”@2) / dt (k — A% 4 @) +  (5.21)
oM 0 ¢

Vol(Zh ) _
5. = Tg?ﬁrf 2 (AQ)'|T+ — B(M + Ey). (5.23)

The definition of thermodynamic energy € in eq. (B.-37) recovers the total energy in
the Noether theorem Q(d;) = ¢(;) + qo(9:), such that eq. (B.33) implies an entropy for
SAdS black hole Do
g Vol(Zh _)ri~ _ Area.

4G 4G

(5.24)

6. Conclusions

In this paper, we have explicitly shown the tensorial form of the Kounterterms that regu-
larize the action for AdS gravity in all odd dimensions.

The key point of the construction is a well-principle action principle that respects
boundary conditions consistent with the asymptotic behavior of a generic AAdS spacetime.
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A definite form of the boundary terms achieves a finite action principle: the action
is stationary under arbitrary variations of the fields and the conserved charges and the
Fuclidean action are finite.

In the general odd-dimensional case, we have not computed the conserved quantities
in AAdS solutions other than for topological SAdS black holes.

Further evaluation of more complex solutions will be certainly more involved, but it
could also reveal the general form that the vacuum energy adopts for certain AAdS spaces.
Particularly interesting could be extending the results of the vacuum energy in refs. [29, [7]
to the recently generalized multi-parameter Kerr-AdS black hole [BQ]. It is also worthwhile
to notice that the existing results on vacuum energy for Kerr-AdS solutions, reproduced
here, have been critically revised in ref.rotation parameters. There, it is claimed that, in
the same way the energy and the angular velocities are referred to a coordinate frame that
is nonrotating at infinity, one should choose the Einstein static universe as the metric on
the conformal boundary of the rotating black hole. As a consequence, the corresponding
Casimir energy is genuinely a constant and matches the one for SAdS black hole.

But, how can we be sure that ¢o(9;) would always produce the vacuum energy?

The reasoning is quite simple and has to do with the general form of the other quantity
that enters in the Noether charge, ¢(£). It can be proved that eq. (5.10) can be factorized
by the Lh.s. of eq. ([.4), in the corresponding boundary indices

NCop N i1\ stz [ pisi L fisi i5...02n 7,.] 2n
10 =33 [ —heis i (E KO (Rféji +e_25[[j§jf]>7)j§...j§ndx”---dxp . (6.1

where P is a Lovelock-type polynomial[“(])f (n — 2) degree in the Riemann tensor RZJI and
ij

the antisymmetrized Kronecker delta 5[,?”

n—2
PZ522n _ =P pisie '2(n—p)—1%2(n—p) [ZQ(n—p)-HZQ(n—p-H)} [t2n—1%2n] (6 2)
J5---J2n ‘ €2p VEV .72(n7p)71.72(n7p) [j2(n7p)+1j2(n7p+1)} U [j2n—1j2n]’ :
p:

with the coefficients of the expansion given by
D —i ()P (n =1 (6.3)
T = 24+l q ) .

Logically, using the identities for the antisymmetrized Kronecker deltas, one could
express P in terms of the Riemann tensor only, but prefer the above form to make easier
the connection with the explicit cases developed so far. As an example, in nine dimensions,
the charge ¢(&) is

Y SV o 3 i ' ,

_ ek iy i isi [i3i4] ic Piri [isie] cli7is]
q(€)=cs 82\/—he“...lg(s K52 (Rjgﬁ—gz&[jm) [Rji jo Tt 51 645[j5j6]6[j7j8}}dxm,..dxas
(6.4)
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whereas in eleven dimensions

5¢10 5 ki siz ( pisia | L slisia] \ | pisic piris pisi
98) = —~ /82 —heiy o (E K05, (Rﬁfi + @001 | | Bia e oo +

1 Ri5¢6R¢7i85[igilo]+ 13 Rz’sieé[iﬂs]é[igiw] 31 5[@'52‘6]5[@'72‘8]5[?92‘10] dzi2 . dgiro.

302" Jsje” Jris " [jojio] ' 15p4” Jsie [jrds] ldesio] 1056 [dsds] [57ds]” [Feg10]
(6.5)

As a consequence, ¢(§) always vanishes for a spacetime that is globally AdS. This argument
indicates that qo(¢) in eq. (B.11)) for a timelike Killing vector is indeed a covariant formula
for the vacuum energy in AAdS spacetimes.

The expression for the vacuum energy has been also recognized as the action of a
Killing vector in the Euclidean continuation of the boundary term Bs, for explicit black
hole solutions. It is expected that a generic thermodynamical relation S = G(E + Ey —
> ;) — IE | = Area/4G holds for any AAdS spacetime that accepts a timelike and a
set of rotational Killing vectors. Carrying out a similar procedure as Wald’s formalism [[t3],
expressions for E and Ej should be mapped exactly to contributions from the bulk and the
boundary after acting with a global isometry £ = J; + 27°0,, on them, where the angular
velocities at infinity are given by Q7° = a? /02

In odd-dimensional spacetimes, the regularized action is not invariant under the full
AdS group. Radial bulk diffeomorphisms, which generate a Weyl transformation on the
boundary, are generically broken by the conformal anomaly. In the standard counterterms
approach, this is reflected in a nonvanishing trace of the regularized stress tensor ([, [i4, [.

In the present framework, the surface term from an arbitrary variation of the ac-
tion contains also variations of the extrinsic curvature (usually canceled by the Gibbons-
Hawking term), such that a boundary stress tensor definition is not straightforward. The
answer to this point should come from direct comparison of the Kounterterms series with
Dirichlet counterterms, e.g., by expansion of the tensorial quantities in FG form. For
instance, in this way, it can be proved that in three-dimensional AdS gravity, the Koun-
terterms prescription reduces to the Dirichlet regularization up to a topological invariant
on the boundary [[[§]. The matching of the results in this paper with the ones obtained by
standard holographic renormalization indicates that both procedures could also be equiv-
alent in higher dimensions.

If a relation of the Noether charges to a regularized stress tensor 7;; is possible, we
might expect that a similar splitting as (5.9) would also appear on it. At a more speculative
level, such identification could reveal a connection between the part of 7;; that generates
the vacuum energy and the one that produces the Weyl anomaly, what has not yet been
understood in the standard holographic renormalization.

Could the term By represent the full counterterms series? We do not know yet the
answer to this question. One could only argue that is very unlikely that other boundary
terms can be added on top of the Kounterterms series, that still preserve the AAdS bound-
ary conditions extensively used here. This argument might free this procedure from the
ambiguities of the Dirichlet regularization [[].
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In any case, what is particularly appealing in this formulation is the relation of Koun-
terterms to topological invariants in D = 2n [15] and to Chern-Simons-like forms (trans-
gression forms) in D = 2n+1 [[F7]], which might provide some further insight on the problem
of regularization of Einstein-Hilbert-AdS gravity, but also in Einstein-Gauss-Bonnet [4]
and other theories with higher curvature terms (see, e.g., [[7, F2)).

Acknowledgments

I wish to thank M. Banados, G. Kofinas, O. Migkovi¢, P. Mora and S. Theisen for helpful
discussions. This work was funded by Fundac@o para a Ciéncia e Tecnologia (FCT) of the
Ministry of Science, Portugal, through project POCTI/ FNU/44648/2002.

A. Invariant polynomials, Chern-Simons and transgression forms

In this appendix we review the notion of transgression form as the natural extension of
a Chern-Simons density that restores gauge invariance through the introduction of an
additional gauge connection [§—F1)].

Let us consider in 2n + 2 dimensions an invariant polynomial P(F') of the form

P(F) =< F"" > (A1)

where F' = %F ;{VTI dztdxr¥ = dA 4+ A N A is the curvature two-form associated to the
gauge potential A = ALT 7 dzt of the Lie group G, with a generators set {T7}. The symbol
< -+ > stands for a totally symmetric invariant trace of the generators in the adjoint
representation of G

<Tpn...Th. >= 0911y (A.2)
The invariant polynomial (A.1]) is a closed form
dP(F) =0 (A.3)
and therefore, by virtue of the Poincaré lemma, locally exact
P(F)=dCop+1(A, F) (A.4)

what provides the definition of a Chern-Simons density as the integration over a continuous
parameter u

1
Coni1(A, F) = (n+1) / du < AF" > (A.5)
0

with A, = uA and F, = dA, + A2.
A similar relation defines a transgression form 75,1(A, A), that involves two gauge
potentials A and A in the same homotopy class, with curvatures F and F, respectively

< F"ls o < P s= dT,04(A, A). (A.6)
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The explicit formula for the transgression form is also given by a parametric integration
1
Toni1(A,A) = (n+ 1)/ dt < (A—AF" >, (A.7)
0

where F; = dA; + A? is the curvature associated to the interpolating gauge connection
A =tA+ (1 —t)A. On the contrary to Chern-Simons densities, transgression forms are
truly invariant under finite gauge transformations in the group G.

The explicit formula for (A.7) is a consequence of the use of the Cartan homotopy
operator ko1, which acts on generic polynomials P(F}, A;) and is defined as

1
ko1 P(Fy, Ay) = / dt LLP(Fy, Ay), (A.8)
0

where the action of the operator I; on arbitrary polynomials of A; and F; can be worked
out from the relations
LA, =0, LF,=A—-A. (A.9)

The operator [; acts as an antiderivative I;(ApX,) = (l:Ap)X, + (—1)PA,(1:2,), where A,
and X, are p and g-forms, respectively.
It is particularly useful to express the curvature F; as

Fy=F +tD(A— A) + t2(A - A)?, (A.10)

with the curvature F associated to the connection A (F = dA 4 A?) and the covariant
derivative in A given by D(A — A) = d(A — A) + A(A— A) + (A — A)A.

In four dimensions, one can re-obtain the formula for the second Chern form (R.13)
from the generic transgression formula taking two gauge connections for the Lorentz group
SO(3,1), that is, A = %wAB Japand A = %@ABJAB and the invariant tensor for the Lorentz
generators {JapJop} = eapcep. In this way, the interpolating connection in terms of the

Second Fundamental Form (R.§) is

1 1
A = §w;43JAB = i(aﬁ‘B +t048) I 4B, (A.11)
and its corresponding curvature
1. 112 _
Fy= SR Jap = 5 [RAB +tD 6B + 1204098 Jup, (A.12)

where RAB and D are the curvature and the covariant derivative in the spin connection
w4, When plugged in eqgs. (A.6), (A7), the transgression form for the Lorentz group
satisfies the local relation

1

E4(R) — E4(R) = 2d / dt e apop 0AB (éCD +tDO°P 4 tQG%QFD) , (A.13)
0

where &4 = eapc DRAB ROEP i the Euler-Gauss-Bonnet topological invariant. For a radial
foliation of the spacetime (R.1(]), an adequate choice of the reference spin connection corre-
sponds to the matching conditions (R.11]) for the Second Fundamental Form and relates the
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components R to the intrinsic curvature at the boundary, i.e., R — R“b(h). In doing
so, the second Euler term in the L.h.s. of eq. (A.13) vanishes identically, so does the second
term in the r.h.s.

Global considerations show that the Euler term and the second Chern form Bj (R.13)
in four dimensions are equivalent up a topological number (Euler characteristic x(My))

/54(R) = 327T2X(M4) + / Bs, (A.14)
My OMy

revealing the profound connection of the Kounterterms method with topological invariants.
In a similar fashion, the higher even-dimensional Kounterterms Bo,, 1 () are related
to the corresponding Euler term in D = 2n dimensions by virtue of the Euler theorem

/ Eon(R) = (—4m)" n! x(May,) + / Bon_1. (A.15)
Map,

For any invariant polynomial P(F}, A;), it can be verified that

0
(ld + dly) P(Fy, Ay) = aJD(E, Ayp) (A.16)
which, when integrated between 0 and 1, recovers the Cartan homotopy formula

(kord + dko1) P(Fy, A;) = P(F,A) — P(F, A) . (A.17)

In particular, for P = Coy, 11, the above relation allows us to express a transgression form
as the difference of two Chern-Simons densities plus a boundary term

Tont1 = Cons1(A, F) = Cony1 (A, F) + d=an(A, F; A, F). (A.18)

The 2n—form =s, is defined by the action of the Cartan homotopy operator on a Chern-
Simons term

Ezn(Aa F7 Aa F) = kOchn—f—l (Alg)
whose explicit form is given by

1 1
Sop = n(n + 1)/ ds/ dt s < At(A - A) Fgfl > (A20)
0 0

where Fy = sFy + s(s — 1) A2
When the gauge group is AdS, the connection field is written as

1
A= §(UABJAB + e Py, (A.21)

where Jap and P4 are the generators of rotations and AdS translations, respectively.
For the trace of the generators of SO(2n,2), we take < Ja, 45, -1 J 4001 Asns PAspis >=
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(n+1)€A1 Asni1s Such that each Chern-Simons form in (JA.1§) can be written as a bulk

Lovelock Lagrangian (a polynomial in the curvature and the vielbein)
Cont1(A, F) = Los—aas(R,e) (A.22)

1 2
A t
/ dt €A, A2n+1(RA1A2 _|_ 7 A A2) c (RA2n71A2n + 7 6A2nfleA2n)6A2n+l
0

plus a surface term whose explicit form is involved and has to be worked out case by case.
However, the matching conditions for the Second Fundamental Form (B.11)) —that single out
the boundary correction in the Euler theorem— and the condition &4 = 0 (in order to avoid
a background-dependent bimetric formulation) replaced in the transgression form ([A:13)
result into a gravity action

Ics—aas = / T2n+1=/ Los—aas(R,e) + / Bs, (0, ¢) (A.23)

Man+1 Maon+1 OMap+1

with a boundary term B, (0, ¢e) given by the formula (R.1§). The above total action is
regularized both in its Euclidean continuation and in the Noether charges. It is quite
remarkable that the contributions from the bulk terms in ([A.1§) combine to the surface
term (A.20) to produce a compact expression for the boundary terms in this particular
Lovelock theory as the double integral in eq. (2.15). But it is even more surprising that the
same 2n—form is useful to regularize other gravity theories, including Einstein-Hilbert-AdS,

what is shown explicitly in this paper.

B. Useful identities

Let us consider the five-dimensional Kounterterms as an example of the equivalence between
differential forms and tensorial notation

B4 = €A1...A59A1A2€A3 <RA4A5 _|_ %914590145 + 6_1;261446145),

1 1
= 2‘€1a1a2a3a49m1 e <Ra3a4 + 59(13191‘14 + @eaz” ea4>,

1 1
= —2€a1a2a3a4Kb€c <Ra3a4 - §Ka3Ka4 + @eagecm)’

= sa1a2a3a4ea1ea26“36a4K]15]2 (RJS]4 — 2 [glsdal + —5[j3]4}>dx“ A...Ndx™,

Ju g2 Tgs jaT i Vi \ Tisia 9" izia] T G2 isia]
_ [i14213] 4
= V—ho ;1;22333} Kz]f < Rg;f; KJz Kzs + 32 5522 5{;) d*x (B.1)

where we have used the identities

€ay...azn ?11 e azn = =V =heji _jon> (B.2)
with the definition v/—h = det(e), the volume element

dr™ AL A dxt = gt Py, (B.3)
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and the general property for antisymmetrized Kronecker deltas

O e Gt L) LES R
Oljrrnl O Oy - O = C(r—p)! 1037 (B4

where p > m and r as the range of the indices.

C. Noether’s theorem

We now recall the standard construction of the conserved quantities associated to asymp-
totic symmetries of the action through the Noether’s theorem.

Let us consider an action that is the integral of a D—form Lagrangian density in D
dimensions

1

L=—=1L

DI m.._uDdx‘“ A...N\NdzHP. (Cl)

An arbitrary variation ¢ acting on the fields can be always decomposed in a functional
variation ¢ plus the variation due to an infinitesimal change in the coordinates 2’ = z#+nH.
For a p-form field ¢, the latter variation is given by the Lie derivative £, along the vector
n*, that can be written as L, ¢ = (dI, + I,,d)p, where d is the exterior derivative and I, is
the contraction operator. The functional variation ¢ acting on L produces the equations
of motion plus a surface term ©(p, dp). The Lie derivative contributes only with another
surface term because dL = 0 in D dimensions.

The Noether’s theorem provides a conserved current associated to the invariance under
diffeomorphisms of the Lagrangian L, that is given by [23,

*J = —O(p, 0p) — iy, L. (C.2)

In case that the diffeomorphism ¢ is a Killing vector, we have d¢ = —L¢p, with L¢ the
Lie derivative along the vector &*. Because the surface term © is linear in the variations
of the fields, the current takes the form

xJ = O(p, Lew) —igL. (C.3)

(see also [p4] and, for a recent discussion, [H, Bf)).

As the current is conserved (d*.J = 0), *J can always be written locally as an exterior
derivative of a quantity. In general, the boundary OM consists of two spacelike surfaces (at
initial time ¥, and at final time X;,) and a timelike surface ¥, (at spatial infinity). Only
when the current can be written globally as an exact form xJ = dQ(§), we can integrate
the charge Q(&) in a (D — 2)—dimensional surface 0¥ (a constant-time slice in X, as we
assume flux conservation through ¥;, and X,).

Let us consider now a Lagrangian £ that differs from L in a boundary term dg

L£=L+dB, (C.4)

4The action of the contraction operator I, over a p-form a, = %am copp AT A LA dxtP is given by

Iyap = ﬁn”awl ceeppy AT NN dxtet
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so that the conserved current is modified as
0B
xJ = O(p, [,gtp) — igL + Eﬁgtp — igdB (C.5)
— d(Q(€) +icB). (C.6)

The above formula provides a useful shortcut to find the conserved charges of a La-
grangian supplemented by a boundary term as

Q&) = Q(§) +ieB. (C.7)

D. Variation of B,

The variation of the Kounterterms series Bsg, has an expanded form given by

1 n—1 n—1—k 4
0By, = —Qn/dtazq’;l Z C’l"1kRn_l_k_l/dstzkH(—1)k5K2k+132162l+1
1 n—1 n—1—k 4
_Qn/dszC]?—l Z Cln—l—kRn—l—k—l/dStZH—l(_1)lK21+182k562k+1 7(1)1)

where variations of the intrinsic curvature produce surface terms that are identically van-
ishing on the boundary. After some algebraic manipulations, we have

1 n—1
0By, = —2n / dteéKe Z Cpt(R+ t2ee)"717k (—KK) <1 B t2k+1>

L n—1 X
—2n/dteKanc;;1 (R+12¢?)" T  PH KK, (D.2)

or, in a more convenient form

1
6By, = —2n / dte5Ke (R — KK + t%ee)" "

0
1
+2n / dt=(6Ke — Kde) (R — 2K K +t2¢2)" | (D.3)
0

that is particularly useful to impose the asymptotic conditions for AAdS spacetimes.
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